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ROOT-N-CONSISTENT SEMIPARAMETRIC REGRESSION
BY P. M. ROBINSON1
One type of semiparametric regression on an Rp X R"-valued random variable (X, Z)
is ,B'X+ @(Z), where P3and 0(Z) are an unknown slope coefficient vector and function,
and X is neither wholly dependent on Z nor necessarily independent of it. Estimators of P8
based on incorrect parameterization of 0 are generally inconsistent, whereas consistent
nonparametric estimators deviate from P8by a larger probability order than N- 1/2, where
N is sample size. An estimator generalizing the ordinary least squares estimator of ,B is
constructed by inserting nonparametric regression estimators in the nonlinear orthogonal
projection on Z. Under regularity conditions ,B is shown to be N'/2-consistent for /B and
asymptotically normal, and a consistent estimator of its limiting covariance matrix is given,
affording statistical inference that is not only asymptotically valid but has nonzero
asymptotic first-orderefficiency relative to estimators based on a correctly parameterized 0.
We discuss the identification problem and /B's efficiency, and report results of a Monte
Carlo study of finite-sample performance. While the paper focuses on the simplest
interesting setting of multiple regression with independent observations, extensions to other
econometric models are described, in particular seemingly unrelated and nonlinear regressions, simultaneous equations, distributed lags, and sample selectivity models.
KEIwoRDs: Regression, semiparametric model, kernel nonparametric estimators, root
N-consistent estimation, central limit theorem, SUR model, linear simultaneous equations,
distributed lags, heteroskedasticity, sample selectivity.

1. INTRODUCTION

STATISTICALINFERENCEon a multidimensional random variable commonly

focuses on functionalsof its distributionthat are either purely parametricor
purely nonparametric.A reasonableparametricmodel affordspreciseinferences,
a badly misspecifiedone, possiblyseriouslymisleadingones, whilenonparametric
modeling is associatedboth with greaterrobustnessand lesser precision.An
intermediatestrategy employs a semiparametricform, such as the regression
function
(1.1)

E(YIX,Z) =fl'X+@(Z)

where (X, Y, Z) is an

Px

almostsurely(a.s.),

x Mq-valued observable random variable, P3is a

MP-valuedunknownparameter,and 9 is an unknownreal function.In (1.1), X,
Z, and fi are column vectors and the prime indicates transposition.As usual,
(1.1) might be the outcomeof logginga multiplicativemodel.
Versions of (1.1) have been studiedby Cosslett(1984), Shiller(1984), Wahba
(1984, 1985), Stock (1985),Engle et al. (1986), N. Heckman(1986), Rice (1986),
Schick(1986).The statisticalobjectivesin thesepapersvary,as do the motivating
applications.In most, thoughnot all, of them Z is a scalarnonstochasticdesign
variable,typicallya time index. Ourown aim is preciseestimationof P3when Z
l This article is based on research funded by the Economic and Social Research Council (ESRC)
reference number: B00232156. I thank Miguel Delgado for carrying out the simulations reported in
Section 6, and two referees for many incisive and constructive comments which have stimulated
substantial improvements. A previous version was circulated under the title "Adaptive Semiparametric Regression."
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is stochastic and of arbitrarydimension,indeed the value of q nontrivially
influencesour methodologyand theory.The componentsof 13may have interesting economic significance,and some hypothesesof interestmay be expressible
purely in termsof ,B,in whichevent the buildingof a full parametricmodel may
be of secondaryimportance.Good estimatesof 13can assist also in parameterizing 0. We picture a practitionerfaced with a large cross-sectionaldata set
including many candidateexplanatoryvariables,who on the basis of economic
theory or past experiencewith similardata feels able to parameterizeonly some
of them. Very crudely,(1.1) describesa qualitativeunevennessin priorinformation. It is possible also to rationalize(1.1) as emergingfrom some econometric
models involving latent variables:extendingmodels developedby J. Heckman
(1976) and others, a dependentvariableis censoredor truncatedwhen a latent
variableof possibly unknowndistributionalform exceedsa (possiblyunknown)
function of Z; extendinga model of Zellner(1970), a linearregressionincludes
both observedand latent variables,wherethe latterare an unknownfunctionof
Z. It is also possible to interpret13as the coefficientsof the "surprise"component of X, that is the part that cannot be predictedusing Z. Both (1.1) and the
conditionswe impose on it are restrictivein termsof directapplications,but we
also describe how some of these conditions might be relaxed and how more
generalsemiparametricmodels than (1.1) mightbe estimated.
Under regularityconditions,ordinaryleast squares(OLS) regressionof Y on
X alone consistentlyand efficientlyestimates13when E(XO(Z)) = 0, as when
E(X) = 0 and X and Z are statisticallyindependent.Such orthogonalityis
presentin certainexperimentaldesignsand modelscontainingdummyvariables,
as well as in some modelingstrategiesin which Z is not fully or parsimoniously
specified,for exampleorthogonalpolynomialand trigonometricregression.Orthogonalitycan be checked,but it is exceptional,particularlywhen the explanatory variablesincludestochasticones or are largein number.The bias of OLS in
the presence of a nonorthogonalomitted variableis explained in elementary
econometrictextbooks.In muchappliedworkthereis an understandabletendency to include candidate explanatoryvariablesin an ad hoc, typically linear,
fashion, resulting again in biased estimation. Rigorous statistical analysis of
parametricestimatorsin the presenceof modelmisspecificationis possible;under
typical regularityconditionsOLS estimatorsof 13based on incorrectparameterization of 9 are asymptoticallynormalabout 13+ B afterN1/2 norming,whereN
is the numberof observationsand the "asymptoticbias"B reflectsthe unknown
9 (see, e.g., White (1982)). Some analysis of B may be possible, allowing
elementsrelativeto
speculationabout the directionof bias and the signs of 13P's
13+ B's. The omissionof many variables,or a "large"discrepancybetween the
true 0 and the misspecifiedone, does not necessarilyresult in incorrectconclusions. On the other hand some applied studies indicate high sensitivity of
parameterestimatorsto misspecificationof the rest of the model. Automaticor
semi-automaticalgorithmshelp bridgethe gap betweentheoryand model specification (see, e.g., Amemiya (1980), Stone (1981), and referencestherein). For
example,stepwiseregressionselectsa parsimoniousmodel with good explanatory
powerwhile keepingsomevariables(i.e., X) in the regressionirrespectiveof their
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t ratios, though it searches only over linear models. Specification tests are
available, but failure to reject correct specification does not necessarily inspire
confidence in the null hypothesis, and rejection necessitates continuing the model
search.
Consistency for ,8 in the presence of unknown 9 is possible, however. Perhaps
the most obvious source is nonparametric estimation of e(x, z) = E(YIX = x, Z
= z) at a point (x, z). Let e(x, z) be (say) a Nadaraya-Watson kernel estimator
of e(x, z) with differentiable kernel (see, e.g., Prakasa Rao (1983, pp. 33-37,
180-200, 239-247, and Section 2 below)); when X and Z do not overlap,
z) estimates /3consistently under quite general conditions; see,
e=(x/dx)e(x,
e.g., Schuster and Yakowitz (1979). Unfortunately e and ex are not N' 2-consistent, because the asymptotically correct centering at ,B is due to a "bandwidth"
parameter approaching 0, with the effect that, asymptotically, only a vanishingly
small proportion of the data, "near" (x, z), is used. Indeed, the greater p + q, the
further we fall short of N1/2-consistency, and ex converges even slower than e;
Stone (1982) discusses optimal rates of convergence in nonparametric regression
and its derivatives. Estimators that are consistent but not N1/2-consistent generate inferences which, though asymptotically valid, have zero efficiency relative to
ones based on NI/2-consistent estimators, and while the latter comparison
presents an exaggeratedly pessimistic impression of the finite-sample reality, it is
debatable whether nonparametric estimators should necessarily be preferred to
the "N1/2-inconsistent" ones based on incorrectly parameterizing 9. Averaging ex
over n (x, z)-values only improves rates of convergence if n increases with N, for
example
N

(1.2)

*

=

ex(Xi,

Zi)

i

i=1

where xi, zi might be either the observed X's and Z's or a sequence of
representative design points, and the wi are probability weights, e.g., w, N- .
(It seems /3* is N'/2-consistent for /3 under suitable conditions, and thus
competitive with the estimator /3developed below. One might establish /3*'s
limiting distribution and compare its efficiency with Af's.)
Other modifications of nonparametric regression should be mentioned.
Elbadawi et al. (1983) and Gallant (1985) approximate their models by infinite
series, the early terms representing the parametric part (our /'X), the remaining
ones (a trigonometric expansion) representing the nonparametric part (our 9).
The hope is that few of the latter terms will be required, and that /3 will be
estimated with good precision. However, / is not really on a different footing
from the coefficients of the trigonometric expansion, and consistency relies on the
number of terms in the series, hence the number of parameters, going slowly to
infinity with N. While the estimators of Elbadawi et al. (1983) and Gallant (1985)
might well be better in finite samples than pure nonparametric ones, they
converge slower than N1/2 unless the true regression is approximated at a fast
enough rate as N - co. (Actually, identification of /3requires strong restrictions
on 9; see Section 4 below.) Stone's (1982, 1985) results imply that nonparametric
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estimators exploiting the additive structure of (1.1) can achieve faster rates of
convergence than pure nonparametric regression on X and Z, but his estimators
do not exploit the partial parameterization of (1.1), and fall short of Nl/'2-consistency. Projection pursuit regression (Friedman and Stuetzle (1981)) entails
some structural restriction of 6, and it is not clear whether it can produce
N 1/2-consistency.
In most of the earlier work relating to (1.1) that was referenced above,
N1/2-consistency of estimation of P is not established, indeed the emphasis is
sometimes as much if not more on estimating 0. The exceptions are N. Heckman
(1986) and Rice (1986), who assume Z is a scalar nonstochastic design variable
on the unit interval, the "observations" on which get dense as N-- x, and
Schick (1986), who assumes Z is a scalar uniform random variable. Our setting of
stochastic multi-dimensional Z, of quite general distributional form, is more
suited to econometric applications. Like N. Heckman and Schick we establish not
only N1/2-consistency but asymptotic normality of our estimator (which differs
from theirs and Rice's), and also we give a consistent estimator of the covariance
matrix in the limiting distribution, providing the usual basis for large-sample
interval estimation and hypothesis testing. The only information on finite-sample
properties we present is the outcome of some Monte Carlo simulations.
We compare and contrast our problem and results with ones in the "adaptive
estimation" literature. Authors such as Bickel (1982) and Manski (1984) presented asymptotically efficient estimators of linear and nonlinear regression
estimators in the presence of residuals of unknown distributional form, while
Carroll (1982), Robinson (1985) presented regression estimators that achieve the
asymptotic Gauss-Markov bound in the presence of residuals suffering from
heteroskedasticity of unknown form. Like these authors, we insert nonparametric
shape estimators of the nonparametric component in a standard "parametric"
estimator. Unlike them, we are unable to claim efficiency of our semiparametric
estimator, since the "orthogonality" between the parametric and nonparametric
components of their models (see Begun et al. (1983)) is in general lacking in ours,
and we merely isolate some parametric 6 for which our approach happens to be
as efficient as one which uses information on O's form.
2. ESTIMATOR OF A

The model (1.1) implies that Y- E(YIZ) = ,'(X- E(XIZ)) + U, where
E(UIX, Z) = 0 a.s., suggesting that estimators of the regression functions
E(XIZ), E(Y Z) be inserted prior to application of a standard rule, such as
no-intercept OLS. While a variety of nonparametric regression estimators is
available (two leviews are Prakasa Rao (1983, pp. 239-256), Collomb, (1985)),
the technical difficulties described in Section 3 below are conveniently overcome
by a subset of the Nadaraya-Watson kernel estimators. Introduce even functions
and K: pqM related by
k: 9?
q

(2.1)

K(z)

k(zi),

=
i=l
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where z, is z's ith element. Let a be a positive constant. For a vector-valued
sequence A1,..., AN' introduce the notation
(2.2)

Ai= (Naq) 1E Aj.ij

iZ),

Ki= K(

j=1a

and define, with 11 1, fi= l, Xi = Xi/fi, Yi= Y,/fi. Under conditions set out in
Section 3, fi "estimates" f(Zi), the probability density function (pdf) of Z with
random argument Zi, while Xi and Yi"estimate" E(XiIZ1) and E(YiIZr). As in
some other applications of kemel regression estimators, Xi and Yi cause technical
difficulty owing to the random denominator fi, which can be small; we " trim"
out small fi as do, e.g., Bickel (1982), Manski (1984). For constant b > 0 define
Ii = I(fifI > b), where I is the usual indicator function; then estimate ,B by
(2.3)

/3 =SX

SX-*, Y- Y

where for scalar or column-vector sequences Ai and Bi, we define
N-1EY2N7AiB/I and SA= SAA. Notice that
(2.4)

SA-A, B-B = (Al

SAB=

*iAN)

, IN) DD 'diag(Il,... , IN))}(Bl '... BN) 9
where D is the N-rowed identity matrix minus the matrix with (i, j)th element
Kij/fj, so ,B has a generalized least squares (GLS) interpretation, as well as a
no-intercept OLS one. Because Kij = Kji, Kii K(O), only 1N(N - 1) distinct
Kij need be computed; nevertheless (2.3) entails O(p2qN2) operations.
If the Xi, Yi are replaced in ,B by the linear OLS predictors of the Xi, Y, we
have the OLS estimator ,B, say, that corresponds to taking @(Z) linear in Z;
indeed if we take k(u) ccI(I u j < 1) and a large enough, ,B reduces to OLS that
assumes @(Z) constant. This similarity of /3 to a standard parametric estimator
(not shared by ,3* in (1.2), for example) seems attractive in view of 3 's well
known optimality properties, and it extends to the structure of formulae for
standard errors (see the theorem in Section 3), the only additional statistic needed
x (diag(Il,...

to calculate N1/2( 8 - /3)'s estimated covariance matrix a2SX k being
A2

=

=Sy_?-+

2Sy

,x-kf

+ f'Sx-

fi

which estimates a2 =V(YI X, Z), assuming the residuals from (1.1) are conditionally homoskedastic. The extension of ,B to more general semiparametricmodels is
analogous to f8's in parametric models, as will be indicated in Section 7. ,Band 1B
differ in /'s use of residuals from the best (in least squares sense) predictors of Y
and X given Z, rather than the best linear predictors, and in computational
terms the difference is immense, increasing rapidly with N and q. /3is likely to be
more expensive of computer time than nonlinear least squares (NLLS) when 0 is
nonlinear in parameters, though its closed form structure is an advantage, it is
straightforward to program, and it avoids the need to choose a vector of starting
values for the iterations and the possibilities of slow or nonexistent convergence.
To compare with other semiparametric treatments of (1.1), Wahba (1984, 1985),
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Shiller (1984), Engle et al. (1986), N. Heckman (1986), and Rice (1986) use spline
estimation; Stock (1985) uses (untrimmed) kernel estimation, but his focus is not
,B; Schick (1986) uses the kernel idea, but his estimator for his version of (1.1) is
quite different in form. Comparing /B with N1/2-consistent estimators proposed
for other problems, Bickel (1982), Manski (1984), Robinson (1987), Powell et al.
(1986), Schick (1986), and others, all employ, for technical reasons, an element of
" sample-splitting," which in our case might entail replacing N in (2.2) by M < N,
then constructing Sx- *, Sx_ x y- x by summing only over the remaining N - M
observations. By avoiding this device, /3 makes fuller use of the data.
The dependence of /3 on the user-supplied numbers a and b is an undesirable
feature shared with other semiparametric estimators that employ nonparametric
"shape" estimation. The Theorem sets conditions on a and b's rate of decay as
N -x o that are virtually useless to the practitioner. It is not obvious how
sensitive ,B is to a and b, but the effects of extreme choices, while possibly not as
catastrophic as in the case of pure nonparametric estimation, are liable to be
serious: "large" a can induce bias, "small" a, imprecision, because l/a can be
thought of like the dimensionalit,yof a parameterization of 0; a "large" b loses
efficiency, a "small" b allows Xi and Yi with small denominators fi to exert
undue influence. Automatic methods such as cross-validation offer an alternative
to trial-and-error choice of a, and it is easy to suggest suitable cross-validating
objective functions, but we will not discuss the details because our theorem
unfortunately does not cater to data-driven a to b. In connection with a, when
q > 1 some refinement in /3is desirable because of likely scale differences in Z's
elements, indicating that K's argument in (2.2) should be replaced by a- 1(Zi Zj) where a is here either a diagonal or a positive definite matrix (in the latter
case K is a more general multivariate function than (2.1)). The conditions on a
in our Theorem are straightforwardlygeneralized in the manner of conditions of
Cacoullos (1966) for diagonal a, and Robinson (1983) for matrix a. We have not
bothered to treat this extension explicitly because our conditions and proofs are
already somewhat complicated, and merely note that it suffices, in the diagonal-a
case, for each diagonal element to decay as N -*00 at the same rate. One
alternative to multidimensional a is scaling the Zi, via the estimated standard
deviations or covariance matrix, though our conditions do not automatically
require that Z have infinite variance.
Finally, we can use ,B to form "estimators" of 0(Z1), 0(Zi)= Yi-/'Xi;
predictors of Y (conditional on Xi, Z1), 1i = /3'Xi+ 0(Z1); and estimated residuals, U = Y- Y-, 1 < i < N. (In fact, a2= SU.) Given (1.1), 'i and Ui should
improve on predictors and residuals based on pure nonparametric regression,
though we make no study of their properties.

3. CONDITIONS AND THEOREM

With the definitions U= Y- /8'X- 0(Z), 0i,= 0/f^,

(3.1)

A

di= UL/lf,

write

937
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The component 0i - Oiof the "residual" in (3.1) presents a bias problem, because
it is hard to see how N1/2-consistency of /Bcan be established in the absence of
the property Sx _ko- = op(N- 1/2). Assuming the conditional expectation t(z)
= E(XjZ = z) exists, and defining V= X- {(Z), it is sufficient that Sv_ C,-#=
and SE-,o_#=op(N-1/2).
The last relationship is troublesome to
op(N-1/2)
establish. After centering the i - i and 0i - 0i in St ; at expectations
conditional on the Zi, it is not difficult to show that the resulting expression is
indeed op(N-1/2) so long as a does not approach 0 too rapidly as N -* co, and
this type of condition on a is required elsewhere in the proof in any case.
However, this centering introduces a term reflecting the bias of the kernel
"estimators" 0 and (i of Oi and {i. Such bias can be made arbitrarily small by
p 0 and eventually /
setting a small enough, to establish S -_
,/. However,
achieving the more ambitious goals of St
(N-1/2),
and
N1/2-con-g
op
sistency of ,B, simply by making a approach 0 suitably fast as N -x o may not be
possible because of the aforementioned limitations on a's convergence. In fact,
as in much statistical theory for kernel estimators (see, e.g., Cacoullos (1966),
Stone (1982)) the upper bound on a's rate of decay as N -* xo strengthens as the
dimensionality q of Z increases, so much so that unless q is suitably small,
N1/2-consistency requires special measures to ensure an a-sequence satisfying the
competing restrictions even exists.
We adopt the "higher-order" kernel approach to bias-reduction proposed by
Bartlett (1963) for nonparametric probability and spectral density estimators,
since developed by many authors and featured prominently in the kernel literature: a sufficiently smooth function behaves locally like a polynomial of sufficiently high order, and if this property is exploited by a kernel with enough zero
"moments," the bias decreases sufficiently rapidly with a.
DEFINITION

(3.2)
(3.3)

1: K,, 1> 1, is the class of even functions k: _Q

u'k(u)du=

-

Sio

k(u) = 0((1 +I Ull+l+e)),

satisfying

(iO...,I-l),
some

E> 0,

where Si' is Kronecker's delta.
The requirement that k be bounded and integrate to 1 makes f a sensible
estimator of f(Zi). For given 1 satisfying (3.2), (3.3) has a slightly stronger tail
condition on k than f Iu'k(u) I du < xo, which is usually employed in the higherorder kernel literature (see, e.g., (23) on p. 44 of Prakasa Rao (1983)), but kernels
used in practice usually have compact support or decay exponentially. Some of
the kernel literature emphasizes weak conditions on k as a priority, but for
implementation it suffices that the conditions admit a convenient k, and practical
experience suggests less sensitivity to k than to a. If (3.2) holds for some odd 1 it
holds for 1+ 1 also under (3.3). X, contains no nonnegative functions when
1> 3, indicating the potential for negative estimates of the density of f, although
this seems of little concern in our context. As indicated by a number of authors
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(e.g., Prakasa Rao (1983, p. 44)) a k e Y is straightforwardlyconstructed.
Consider,for even 1> 2,
1/2(1-2)

(3.4)

k(u)=

E

cjU2j4(U),

j=O

where %P
is even. Given that we can evaluatethe moments m21= Ju2jA(u) du,
as readily we may when + (u) = 1I(IuI <1) or + (u)=
(21T) -1/2exp(-_
u2), substitution of the cj satisfying the linear system of
(I - 2) simultaneousequations 01!g'2)cJm2(i+J) = iO' 0 < i < (1 - 2), into (3.4)
producesa k E Xl, if 4 (u) = 0((1 + u 121-1 + e)1).
0

j

(1 -2),

The classes X, conferincreasinglysmallbias on nonparametrickernelestimators as 1 increases,but also increasinglylarge asymptoticvariance,the latter
varying directly with Jk(u)2 du. However, the asymptoticdistributionin the
Theorembelow is independentof k, detectingno advantageor disadvantagein a
X, when 1 is chosen arbitrarilygreater than required.Nevertheless,in finite
samplesA may inheritvariancepropertiesof the kernelestimatorsfromwhichit
is formed, as might be revealedby a closer approximationto the distributionof
A. Thus, while increasing1 cannot shrink, and may well widen, the band of
a-sequences satisfyingour Theorem,we caution against too generousa choice
of 1. It is interestingthat whereasthe classes Y, play useful roles of bias-reduction and of wideningthe spectrumof admissiblebandwidthsin nonparametric
estimation, they are decisive in our problem, which requiresdealing with a
greater(N1/2) normingthan in the centrallimit theoremfor q-variatenonparametric estimators((Naq)l/2). A relatedbias-reductiondevice is the "generalized
jacknife"method suggestedby Schucanyand Sommers(1977) for kerneldensity
estimators,later developedby other authors,which would requireq + 1 bandwidth numbers to be selected,instead of our single a. In fact, Schucanyand
Sommers' approachis used in a differentsemiparametricestimationproblem
from ours by Powellet al. (1986),who extendStoker's(1986)workon the model
E(Yj X) = F(,B'X) where F is unknown,and there are no functionalrelationships betweencomponentsof X. Stokerindependentlyrediscovereda resultused
previouslyby Beran(1977)and Cox (1985)in othersemiparametric
and nonparametric problems, that h(X) and X's score function have covariance
E((a/dX)h(X)),
to suggesta simple estimatorof j8 up to undeterminedscale
that depends on finiteparameterization
of X's score function.In a spiritsimilar
to (1.2), Powell et al. relax the latterrequirementby using nonparametrickernel
estimationof the derivativeof X's density,solvinga bias problemanalogousto
ours via an extensionof Schucanyand Sommers'approach.
The potential of the X, classes to produceN1/2-consistency,or to widen the
band of admissiblea-sequences,will not be realizedunlessthe functions0, (, and
f are collectivelysufficientlysmooth,and all else being equalit seems reasonable
to suppose that the smootherthey are, the better A will be. Let 1 I denote
Eucidean norm.
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> 0, is the class of functions g: Rq __g satisfy2: a9I a>
0a O
ing: g is (m - 1)-times partially differentable, for m - 1 < ,u< m and all z; for
some p > O, supy,,f7 Ig(y)-g(z) - Q(Y, z)Il/y-zI
< h(z) for all z, where
=
=
- 1)th-degree homoge0
when
m
a
is
<p};
1;
(m
Q
Q
{Y:
zI
Y
YZP=
DEFINITION

neous polynomialin y - z with coefficientsthe partialderivativesof g at z of
orders 1 through m - 1 when m > 1; and g(z), its partial derivativesof order
m - 1 and less, and h(z), have finite ath moments.

The functionsin O,Aare thusexpandedin a Taylorserieswith a local Lipschitz
condition on the remainder,(a, u) dependingsimultaneouslyon smoothnessand
moment properties.Boundedfunctionsin Lip(,u) (the Lipschitzclass of degree
t) for O< ,u< 1 arein 9; for . > 1, C containsthe boundedand (m -1)-times
boundedly differentiablefunctions whose (m - I)th partial derivativesare in
Lip (,I-m + 1). In applying9, to f, we take a = oc, but we allow for a < c in
Definition2 becausewe have no wish to requirethat Z, ( or 0 are a.s. bounded.
when E ZIma< Xo.
For example,a degree-mpolynomialin Z is in 9OOa
are
THEOREM: Let the following conditions hold: (i) (Xi, Yi, Zj), i = 1,2,...,
independent and distributedas (X, Y, Z); (ii) (1.1) is true; (iii) U is independentof
for some
X,Z; (iv) E(U2)=a2<
oc; (v) EIX14< oo; (vi) Z admits apdff cA,
X > 0; (vii) t E 9 2, for some ,u> 0; (viii) 0 E ,4, for some v > 0; (ix) as N -x 00,
Na-2qb4 00
a2min(A+1,)+2min(X+1,)b-4
0, amin(A+1, 2 , y,)b 0, b O 0;
(x) k E max(l+m-1,l+n- 1), for the integers 1,m, n such that 1- 1 <X <1, m - 1
< ,u< m, n - 1 < v < n. Then the condition

(3.5)

0=E[{(X-E(XIZ)}

is positivedefinite

{X-E(XIZ)}']

is necessary and sufficientfor N1/2(/3 -_)

4 N(O

o

25-1)

and a

-

4 a2

1

The proof of this theoremis presentedin the form of Appendices.Notice that
(ix) and (x) are to be satisfiedsimultaneously,for X, ,u,v, 1,m, n satisfyingthe
stated inequalities,so that, for example,when k E Y2 only, the lowerboundson
a's rate of decay are no better than Na 8b -4 __ 0, a 2b-2 - 0, no matter the
degreeof smoothnessprevailing.While(ix) preventsb from convergingto 0 too
fast, there is nothing to stop it converging arbitrarilyslowly. A necessary
condition for reconcilingthe componentsof (ix) is
(3.6)

X> q-1,

X+,u>q-1,

X+v>q-1,

,u+v>q.

Conditions (vi)-(viii) are complicatedbut it is not hard to find examples
satisfyingthem, as the discussionof Definition2 indicated,and some simpleones
are used in the simulationsof Section6. Althoughsome smoothnessin f, {, 0 is
needed even when q = 1, this need not amountto differentiability,and for other
smallishvalues of q (vi)-(viii) may not be excessive.Very smoothf, {(f, 0) can
compensatefor a not-very-smooth@(t). In view of (3.6), a necessarycondition
for (x) is that k Et q 1. Given sufficientsmoothnessin f, ( and 0, when q < 3,
(which includes all even, bounded pdfs with finite fifth moments)admits
2
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suitable a and b sequences,althoughthe greaterthe orderof X the greaterthe
range of a, b sequencessatisfying(x). The main restrictionon the explanatory
variablesis that discretecomponentsof Z (but not X) are ruledout. In fact it is
not difficultto allow Z to have componentsthat are discretewith finitesupport,
and we can see how to achievesome furtherrelaxationwhen q < 3, as well as a
variety of trade-offsbetween conditions, but still the differencebetween our
conditions on explanatoryvariablesand unknown functional forms and the
regressionprobweaker ones of Robinson(1987) for a differentsemiparametric
lem is considerable,and warrantsfurtherinvestigation.
4. IDENTIFICATION

The necessary and sufficientcondition (3.5) is an identificationcondition,
unfortunatelya very restrictiveone. It prohibits,Bfromincludingan "intercept"
coefficient;only "slope"coefficientscan be estimated.This is less a drawbackof
Aithan a consequence of the generalityof the semiparametricmodel (1.1):
,B'X+ 0(Z) = (a + ,B'X) + {0(Z) - a), for all a, and 0(Z) may be redefined as
0(Z) -a. It is possible to identify a if the model is restrictedfurther; for

example Schick (1986) assumes0 integratesto zero and Z is uniformlydistributed, and in fact considersthe efficientestimationof a underfurtherconditions.
More generally, (3.5) prevents any element of X from being a.s. perfectly
predictableby Z in the least squaressense.This rulesout suchimportantcases as
an unknownregressionfunctionof a single variableZ, with ,B'Xrepresentinga
truncatedTaylorexpansionand 0 takingcareof the remainder(c.f. White,1980).
Such models could be said to be morenonparametricthan semiparametric
(they
in Gallant's(1985) terminology),and again it is the
are "seminonparametric"
unrestrictednature of 0 which excludes them, not our method of estimation,
because B'X + 0(Z) = {f 'X + 71(Z)) + ( 0(Z) - 71(Z)}, for all 71(Z). While ,B is

not identifiedin the linearmodel
(4.1)

Y= a+1'X+y'Z+U

if any X elementis linearin Z, (1.1) forbidsmore generalformsof dependence,
and it is only to be expectedthat this more loosely specifiedmodel would entail
strongeridentificationconditions.Notice that (nonlinear)functionalrelationships
among X elements are not ruled out. Notice also that identificationmay be
possible even if X uniquelydefinesZ, when the converseis not true:for example,
and '5=4P(1-P)E(X2),
if p=q=1
and Z=X2, then {(z)=Vz(1-2P)
where P = P(X < 0), so it is necessary and sufficient that X be neither nonnega-

tive nor nonpositive.Giventhat no elementsof the predictionerrorX - {(Z) are
a.s. zero, the additionalconditionimpliedby (3.5) is theirlack of multicollinearity, which fails if X itself is collinear.
5. EFFICIENCY OF

f

Suppose 0 is a known,partiallydifferentiablefunctionof Z and of a r-dimensional unknownparametervector8, 0(Z; 8). If (,8+, 8+) is a NLLS estimatorof
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(,B,8), then it is well known that under regularityconditions the covariance
matrixin the limitingnormaldistributionof N1/2(/'- /3) is
(5.1)

aCX)
a ( -Ca
Cx = E(XX'), Cxa=

where
E{ X(ad/8)'O(Z; 8)}, Ca= E {(a/dS) x
O(Z;8)(ad/a)'O(Z; 8)}. Note that (5.1) is the asymptoticGauss-Markovbound
in case (4.1), and in the nonlinearcase is minimalwith respect to the class of
weighted NLLS estimator,when U is conditionallyhomoskedastic,as we have
assumed.
By the Schwarzinequality,(5.1) < a2ck1, so /B+ is at least as efficientas /B.
Thereis equalitybetween 2 5-1 and (5.1) if and only if E{ E(XI Z)E(XI Z)'} =
xaC-8Cax,that is if
(5.2)
E(XIZ)= r(alas) ( Z;s), a.s.,
for some p X r matrix r. Of course (5.2) includes the case of @(Z) actually
constant,so that at least no efficiencyhas been lost by our elaborateestimator/
relativeto OLS estimationof slope coefficients,whichis all that is requiredthen.
If, more generally,O(Z;8) = a + y'Z, (5.2) can be written
(5.3)
E(XIZ) =rF +F2Z, a.s.,
the necessaryand sufficientconditionfor ,Bto attain the Gauss-Markovbound
with respectto (4.1). It immediatelyfollows that P3is then also asymptoticallyas
efficientas the maximumlikelihoodestimatorbased on (4.1) when the distribution of Y given X, Z is normal.Often (5.3) is assumedin parametricestimation
of "surprise"models.
The intuition behind efficiencycondition (5.3) is seen by rewriting(4.1) as
Y= (a + /3'rl) + ,B'V+ (/t'r2 + y')Z + U, under (5.3). By construction, Z and V

are orthogonal and E(V) = 0, so were V observable,regressingY on V would
asymptoticallyefficientlyestimate/; the Theoremdemonstratesthat /3 is asymptotically as efficientas this regression.When /3 is not efficientin this sense, and
indeed no element of the vector equality(5.3) is true, an approximatelevel-a
Hausman (1978)-typespecificationtest consists of rejecting(4.1) if (with Z. =
(1, Zi'))
(5.4)

N-2,8,8

'[Sx
-

- N EXi Xi,

Ex2Z'(ZiZ')

1 E2ix'}j1

t_A

exceeds the 100(1 - a)th percentileof the P distribution.If desired, 2 could be
replacedin (5.4) by the residualmean squarein the OLS regressionfit of (4.1).
Computationally,(5.4) is far more expensivethan statisticsbased on parametric
omitted variables, and it should be less powerful in the direction of such
alternatives,but if /3has alreadybeen computed(5.4) entailslittle extraworkand
might be expectedto enjoy reasonablepoweragainsta rangeof alternatives.
Necessary and sufficientconditionson X and Z for (5.3) are given by Kagan
et al. (1973, pp. 11, 12). One interestingcase of (5.3) is (X, Z) multivariate
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normal,but normalityis not necessary,exceptfor specialstructures(Kaganet al.
(1973, Sec. 10.5)). An estimationstrategyis suggestedin relationto a tentatively
specifiedlinear regressionmodel
(5.5)

E(YIW)=a+y'W

where y and W are r x 1. Denotingjth elementby subscriptj, form y such that
yj is /Bwith p = 1, q = r- 1; let X= Wjand Z be W with Wjdeleted.Then
even if the functional
estimates yj robustlyin the sense of being N _2-consistent
by (5.5). Moreover,if (5.5)
dependenceon the Wk, k #j, has been misrepresented
is correct, y is as efficientasymptoticallyas the OLS estimatorof y if the
regressionof Wi on all Wk, k #j, is linear, for each j, for example if W is
normal.
6. SIMULATIONS

Finite-sampletheory for semiparametricestimatorssuch as /3 is not on the
horizon, even under much more precise distributionalassumptionsthan ours;
indeed little is known about the finite-sampledistributionof the nonparametric
regressionestimatorsof which/3 is composed.To gain some idea of finite-sample
performance and the influence of such factors as dimensionalityof Z and
order of kernel, a small simulationstudy was conducted,in double precision
FORTRAN on the Universityof London'sAmdahlcomputer.Such vast variation of design is possible that the resultsare in no sense representative,and we
would only wish to add that ,Bis invariantto locationshiftsin X, Y and Z, while
,B-,B (on which all the summarystatisticswe reportdepend)is invariantto ,B.
Four different models with varying q (= 1,5,10) and 0 (and satisfying the
regularityconditions of the Theorem)were selected, and three sample sizes,
N = 25, 50, and 200. Becausecomputingtime varies greatly with N and q, as
indicated above, the numbers of replicationswere on a sliding scale, from
100,000 when q =1 or 5 and N= 25, to a mere 1000 when

q=

5 or 10 and

N = 200. We obtained a and b by inspectingthe resultsfor variousvaluesused
on trainingsamples,the only constraintthat was initiallyimposedbeing that a
and b be monotonicoverN and q in a fashionthatroughlyreflectscondition(ix)
of the Theorem.Therewas no seriousattemptat optimalchoice but we avoided
values which entailedextremebias or variability,and used the same values for
model (4.1) and model (6.1) below. We report results only for three different
kernels,selected in orderto gauge the implicationsof kernelorder.Kernels1-3
are in 2, 4, and Y6 respectively,and given by (3.4) with 1= 2,4,6, respecu2). Most of the calculations were also
tively, and 4'(u) = (27T)-1/2exp(_repeated for the three correspondingkernelsformed from 4 (u) = I(IuI < 1);
these are quickerto compute,but havingcompactsupport,unless N and/or a
are large enoughrelativeto q it does happenon occasionthat Xi Xi, when the
estimatorbreaksdown.
In (4.1) we took X and Z to be scalar randomvariablesfrom a bivariate
normalpopulationwith zeromeans,variances4 and 3, and covariance2; U to be
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TABLE I
MODEL (4.1)
/4(1)

a

b

25

1.65

.01

lo,

-.1213
.9141

50

1.25

.005

5 X104

-.0697

200

0.75

.001

1

-.0161

N

r

.9020
.9607

A(2)

-.0254
.9750
-.0094
.9626
-.0007
.9722

,t(3)

-.0095
.9128
-.0040
.9376
.0003
.9696

BIAS
VEFFICIENCY
BIAS
VEFFICIENCY
BIAS
VEFFICIENCY

standardnormal;and a =,B= y = 1. SubroutineG05DDF fromthe NAG library
generatedthe observations.Let /3 be the OLS (i.e., maximumlikelihood)estimator of ,B based on the truemodel: for (4.1) it is unbiasedwhen N > 3. (Intercept
OLS of Y and X alone, denoted/3, is inconsistent.)While/3 is not unbiasedfor
finite N, it is as efficientas /3 in (4.1) (see Section 5), so these are relatively
favorablecircumstancesfor ,B,especiallyas q = 1 only. The resultsare presented
in Table I, where r is the numberof replications.In each table we report the
simulationbiases of the /3 estimates,formedfrom kernels1-3, and headed /3(i),
i = 1,2,3, and the ratio of /3's simulationstandarddeviation to ,B(i)'s, called
Vefficiency.The biasesin Table I aremostlynegative,and decreasea bit as kernel
are not as good as the asymptoticones.
order increases.The Vefficiencies
Table II containscorrespondingresultsfor the model
(6.1)

Y=a+/3X+yZ2+

U,

under the same specificationas before.Now / is no longeras efficientasymptotically as OLS /3 based on (6.1) (its asymptoticrelative efficiencyis 2/3). (/3
happens to be consistent,unbiasedwhen N > 2, and asymptoticallyefficientfor
this model.) The biases are all positive and increase a bit as kernel order
increases. The Vefficienciesare sometimes better, sometimes worse, than the
asymptoticones, thoughnot surprisinglyuniformlyworse than Table I's.
Finally we tested the methodagainstZ's of muchhigherdimension,extending
(6.1) to
q

(6.2)

Y=a+,X+

jZ2) + U,

E
j=1

TABLE II
MODEL(6.1)
a

b

r

(1)

25

1.65

.01

105

50

1.25

.005

5 X 104

200

0.75

.001

.0188
.7862
.0075
.8754
.0018
.9356

N

(2)

.0191
.7761
.0079
.8606
-.0019
.9299

A(3)

.0204
.7271
.0083
.8375
.0019
.9201

BIAS
VEFFICIENCY
BIAS
,EFFICIENCY
BIAS
,EFFICIENCY
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TABLE III
MODEL(6.2), q = 5
N

a

b

r

m(1)

25

3

.0001

105

50

2.4

.00005

25 X 103

200

1.5

.00001

103

.2774
.3638
.1743
.3743
.0693
.4349

A(2)

,t(3)

.1600
.3527
.0988
.3716
.0399
.4245

.1276
.3246
.0813
.3231
.0285
.3653

BIAS
,EFFICIENCY
BIAS
,EFFICIENCY
BIAS
,EFFICIENCY

TABLE IV
MODEL (6.2), q= 10
r

A(')

A(2)

A(3)

25 X 103

.6688
.2788
.3357
.2181
.1663
.2081

.3559
.2231
.1621
.1972
.0728
.2039

.2523
.1941
.1070
.1726
.0485
.1785

b

N

a

25

4.5

10-8

50

3.25

5 x 10-9

200

2.25

10-9

10

BIAS
,EFFICIENCY
BIAS
,EFFICIENCY
BIAS
,EFFICIENCY

where a, ,B and the yj are all 1; U is as before; and X and the Z(j) are
equicorrelatedidenticallydistributedN(1, 3) variables,with correlation2/3. The
asymptoticrelativeefficiencyof /3 to /3 increasesfrom 8/9 when q = 1, to 1 as
q -- oo. BecauseE(Z(j)) * 0, /3 is inconsistent.Resultsfor cases q = 5 and 10 are
presentedin TablesIII and IV. The biasesare uniformlypositiveand mostlyvery
bad, especiallyin Table IV, thoughbias does improvemateriallywith increasein
N and, more interestingly,with kernelorder.The role playedby the higher-order
kernels in the asymptotictheory does thereforeseem to have implicationsfor
finite-samplepractice.However,they do producelargervariances,as surmisedin
Section 3, thougheven for kernel1 the Vefficiencies
are anythingfromhalf (when
q = 5) to less than a quarter(when q = 10) of that predicted by asymptotic
theory.These figuresare only slightlyinfluencedby,'s variancesbeing mostly a
bit lower than the asymptoticones. Evidentlythe nonparametrickernelestimates
are so bad for these samplesizes and high-dimensionalZ's as to seriouslyinflate
3's variability.
7. EXTENSIONS

We indicate some extensionsof our semiparametric
model and estimatorthat
are of possible econometricinterest, without giving full details or regularity
conditions (which have not been workedout), but noting limitationsas well as
positive features.
1. Seemingly unrelatedregression. A system of J partly linear semiparametric
"seemingly unrelated" regressions is Y(j)= 1(j)X(j) + OJ(Z(j))+ U(j), 1 < J,

where the Oi are unknownfunctionsand X(j), Z(j) all compriseelementsof a
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vector W, independent of U* = (U(1),..., U(J)), such that a W-element might

appearin X in one subsetof the equationsand in Z in another,disjoint,subset.
Given N observationsdistributedas (W, Y(1),..., Y(J)), the efficiencyof J separate estimatorsof the form (2.3) can be improvedupon when S = E(U*U*') is
not diagonal,by analogywith Zellner(1963).
2. Simultaneous equations. Consider the structural equation
(7.1)

Y=a'Y*+y'X*+0(z)+

U,

where Y* is not uncorrelatedwith U but X* and Z are independentof U (so
nonlinearitiesof unknownformin endogenousvariablesare not allowed,though
(7.1) could be completelynonparametricin exogenousvariables).Replacingthe
conditionalexpectationsin the projectionform of (7.1) by nonparametric"estimators" gives Y- Y= a'(Y* - Y*)+ y'(X*

-

X*) + U. A valid instrument for

- Y* is a vector functionof an observablevector W that includes Z and is
independentof U, such that the covariancematrixin the limitingdistributionof
our resulting N1/2-consistentestimatorof a and y exists. The most efficient
instrumentis Y*- Y*,where Y* is a nonparametric"estimator"of E(Y*IW),
which is of unknownform if the structuralequationsfor Y, Y* and any other
endogenousvariablescontainnonlinearitiesin the endogenousand/or exogenous
variables of unknownform, or even if the form of nonlinearityis known but
informationon Y*'sconditionaldistributiongiven W is insufficientto parameterize E(Y*IW). (When0(Z) is absentbut Y*still has nonparametricreducedform
our estimatoris similarto Newey's (1986) for nonlinearequationswith known
structuralform but unknownreducedform.)For a full systemor a subsystemof
equationslike (7.1), whose residualsare not all uncorrelated,a furtherimprovement in efficiencyis possiblevia an analogueof threestage least squares.
-

A

3. Nonlinear regression. Generalize (1.1) to E(YIX, Z) = g(X; yo) + 0(Z),

where g is a known function of X and the unknowns-dimensionalparameter
my. We might estimate y0 by y mmizing Ej[Ej{Yi- Yj- g(Xi; y) +
g(Xj; y)}Kij] 2i/fA2 over admissibley's. The prospect of a grid search over s
dimensions to obtain a startingvalue for iterationsis daunting,and it seems
desirablethat representation(2.4) be used in both the searchand iterationsafter
storing DD'. In the class g(X; yo)= ah(/3'X) for a an unknownscalar,we may
estimate ,B up to an unknownscale 8, say, using derivativesof nonparametric
regression as described in Section 1 or by Powell et al. (1986); then after
concentratingout aiwe need only searchover 8.
4. Time Series. It remainsto be seen to what extent N1/2-consistencyholds
when the data are serially dependentbut stationary,not only for /3 but for
analogues of parametricmethods for improvingefficiencyin the presence of
serially dependent residuals.One time series model of interest is the partly
rationaldistributedlag
p

(7.2)

Yi-

E 3jyi'-i=

j=1

p

(Zi)+ u,

1-

E f3js

# 0, ISI>1,

j=1

where Zi is independentof Uj for all i and j. When Zi consistsof laggedvalues
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of a single variableZli, and 0 is linear,(7.2) approximatesa quite generallinear
distributedlag in Z11in a uniformfrequency-domain
sense, but no such strong
resultjustifies approximating(7.2) by a linearform.When Ui is seriallyindependent the asymptoticcovariancematrixof /3 can be derivedfrom(3.5), where/3 is
automaticallyidentified.A sufficientcondition for / to be as efficientas OLS
when 0 is actuallylinearis that Zi is stationaryGaussian(see Section5). When
Ui is seriallydependent,/3 is inconsistent,but a naturalextensionof Liviatan's
(1963) instrumentalvariablesestimatoris possible.Othertime seriesmodels that
such as Yi 3Yi-1 +
might be treatedarepartlylinearstationaryautoregressions,
0(Yi-2) + Ui-

5. Heteroskedasticity.
Assumption(iii) of the Theorem,that U is independent
of the explanatoryvariables,is familiar,but too strong for many econometric
applications,and in fact it can be relaxedto a milderassumptionon conditional
moments, at the cost of some strengtheningof other conditions.Under conditional heteroskedasticity(V(UIX, Z) = a 2(X, Z), say) ,B will still be N1/2-consistent under appropriateconditions. A parametricform for a 2(X, Z) seems
implausiblesince the conditionalmean is semiparametric,but following Eicker
(1963), a consistentestimatorof ' = E[{ X - {(Z)} { X- (Z)}'a2(X, Z)] in ,'s
should be - = N-1Yi(Xi - Xi)(Xi -

limiting covariance matrix 0-'Z-'

of unknownform.A heteroskedasXi)'ui2Ii,in the presenceof heteroskedasticity
tic (1.1) arises naturallyfrom the semiparametric
sampleselectivitymodel
(7.3)

Y(1)-=3X+/('L)Z(i)

+LU(1),

Y(2)= 02(Z(1), Z(2)) +U(2)

where we observe Y(1)when and only when Y(2) > 0, so the second (decision)
equation in (7.3) impartssampleselectivitywhen U(1)and U(2)are not independent, and where U(1)and U(2)are in any case independentof the disjointvectors
of explanatoryvariablesX, ZM and Z(2)- In the Tobit and some other models,
all explanatoryvariablesin the first (outcome)equation,are presentalso in the
decision equation,in whichcase ,B'Xis absentand our approachis inapplicable.
On the other hand, we do not assume a parametricconditionaldistributionof
U(1)given U(2), and allow the decision equationto be nonparametric,in which
sense (7.3) is more general than J. Heckman's(1976) model. (Some further
generalizationof (7.3) is possible.)With Y = Y(l)1Y(2)> 0, Z = (Z(1), Z(2)),
@(Z) = P('l)Z(l) + E(U(l) IU(2) ->-

2 (Z)),

we obtain (1.1), and also
V(YIX,

Z) = V(U(l)I U(2) > -02(Z))

=

(Z),

so we can use P as before,and (5.4) as a test for absenceof sampleselectivity,but
we must allow for heteroskedasticity
of unknownform in estimating/3's covariance matrixif the test rejects.J. Heckman's(1976)estimatoris also based on Y's
regressionfunction,but a parametricversion.For otherworkon semiparametric
inferencein limited dependentvariablemodels, see e.g. Manski(1975), Cosslett
(1983, 1984), Powell(1984),Chamberlain(1986).Irrespectiveof (1.1)'sorigin,we
of
may improveupon P3'sefficiencyin the presenceof residualheteroskedasticity
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unknown form, by GLS-typeestimatorsemployingnonparametricestimatorsof
a2(X, Y), c.f. Carroll(1982),Robinson(1985).
6. Multiplicative and other models. An alternative, multiplicative rather than

additive, semiparametricregression function appears in the model Y=
g(X; yo)O(Z) + U, say a semiparametricCobb-Douglasmodel with additive
residuals.Then
Y/E(YiZ)

yo)IZ) + U.

=g(X; yo)/E(g(X;

Nonparametric"estimates"of the two denominatorscan be inserted, then y0
estimatedby NLLS. One can conceiveof more generalstructureswhich permit
an unknown function of Z to be identifiedin termsof conditionalexpectations
of variousfunctionalsof Y and X.
Department of Economics, London School of Economics, Houghton St., London
WC2A 2AE, England
ManuscriptreceivedMay, 1986; final revision received October,1987.

APPENDIX A: PROOFOFTHEoREM

Necessityof (3.5) is obvious.Rewritefi and a2 using(3.1),

1 -fi=Si1*(Sx_*,
62

_2

= (SU

_6 + Sx-kua,u1-02)

-2(f

+ S0o+

+ 2Se-,U-

(fi-)'Sx-(-)
2(

-f)'Sx_k,u_&-

-

,

)'Sx-*

where
Sx-f=
Sx-k,e-

Sv- Sv-

Sv+

= sv,-6-s

Sf
-

+ Sv,-i
+ St0,

SX- , u- d = Svu-S u-SVSo + S4
+ SC.
Su- d = Su- Su-Su

j, v- Stu,+ +St_,

+S
S

,u

=

+ St-I, U-St-I,

-

d,

The proof is completedby applyingPropositions1-15 establishedbelow,whichimplyvia the Cauchy
inequalitythat Svv, S
SU SG,U and S0,6, all P 0. The propositionsapplythe
Sv,,
lemmasof AppendixB. We use the abbreviationsEi(.) = E(- IZ.), i = min(X+ 1, ),D = min(X+
1, v); C denotes a genericconstant.
1: E(S0_g) = O(N-la-qb-2
PROPOSITION

+ a2Db-2).

1} < N-2a-2qb-2E(T2), where T=
PROOF:By identity of distribution, E(S0,_g) = E((01
Sit,, t, = (01 - O,)Kli, where E(T2) < 2E(Y(tj - t)}2 + 2N2E(t2), where t = El(ti). Conditional on
Z1, the t, - t are independent with mean 0, so E(X(t, - t)}2 =XE(tj - t)2 < NE(t2) = O(Naq) by
k's boundednessand Lemma3. By Lemma5, E(t2) = 0(a2(q+
2: EISTI
PROPOSITION

=

O(N- la

b 2+ a2b

2).

Use Propositionl's proof and Cauchyinequality.
PROOF:
3: N1_2SgjS
PROPOSITION

C6 O (N- 1/2a- -b2 + N' a + b

PROOF:
By Cauchyinequalityand Propositions1 and 2.
4: SV = ,0 + O (N- 1/2a-q/2bPROPOSITION

1 + aAb- 1) + o(p)
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Becausethe V, are independentand E IXI4 < oo implies E I V4
by Chebyshevinequality.By Schwarzinequality
El N- Y-VjVj'
(1 - Ii ) < { El X14p(f < b) } /2

<

oo, N-lEVjVJ'= ' +

With fi =f(Z1),

P(f < b) < P(if -fA I > b) + P(fi < 2b).
By Chebyshevinequality
P(ih

|

> b) < 2{ E( f

wherefi

=

E1(f1)

=

/b2

+ E(f _fi)2}

)2

{K(O) + (N- 1) E1(K12)}.

(Nag)

Thus
E( f-fi)2

= O(a2A +

(Naq)2),

by Lemma4. Becausefi-fi = (Naq)-l{Kli
independentwith zero mean,
E(fi -fi)

2E{fi + K(0)

f }2 + 2(Naq)

6 2E{ a-qEl (K12)

whosesummandsare,conditionalon Z1,

-El(Kli)},

(Naq) )2E(Kj2j)

O(N

then Lemma6 implies P(A < b) -- 0.
PROPOSITION5: SV= Op(N 1a"qb 2).

(Z1.

PROOF: Because E(V
VIfN) = 0, a.s, where ff
(Naqb) 2YE(I JKl2Kl),wherethe sumis

(0)El

V12+ (N-1)VE(I

E Sl

ZN),

) CEIXI2 + NE{I V2
212K122

< E(l V1VI)
,

K1)}

C(l + Naq )El X12,

by Lemma2.
+ ab-1).

PROPOSITION6: N112Sv,eg = Op(N-l/2a-q/2b-1
PROOF:
EIN'

< [El V14

'I2(0i_Si)2I,}

_D1l2=N-'IE{l

< (Naqb) -2

{

{(

01)4Il}

ElXXl4E(T4)}1/2.

Now E(T4) < C[E(Y2(ti - t)}4 + N4E(t4)] by Minkowski inequality, and
Ety(ti

t))4<

E

t,4) + ,

_

E(it)2(t

t)2}

i$j

< NE(t4) + 8N2 [ E(t2t32) +

{ E(t4)

By Schwarz inequality E(t22t32) E((01 E-2)4Kf12KA3 }=E((01

E(t4)}1/2

02)4K

Lemmas2 and 3, and since E(t4) = O(a4(q+t)) by Lemma5,
(A1)

E(T4) = O(N2a2q + N4a4(q+t)
+ ab-2).

PROPOSITION7: N112Sf 0-D= O,(N-l/2a-q/2b-2
PROOF:

(A.2)
(A.3)

E+Nl/2s

_12 6 E tN

+|E(N1

I V(

-

bi)2,i

V" tj(i

i(j

i)i

+ E(t4)].

3E1(Kl)) =O(a2q),

using
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(Naqb)2E(, I I12K12ilfN),a.s., (A.2)'s right-handside is boundedby

Because E(I V112IN)
(Naqb)-4 times

E(I

+ NI
6 CE(IV11T2 + NIV2I2
T-22 whereT1=
KI2K?2VT2)
2Kt 2
V212K12Tl),

By (A.1), E(I V112T2) = O(Naq + N2a2( +t)). ApplyingLemmas2 and 3 and (A.1),

E(I V2I2t2Ki2)6 [E{l V24E2(K42)} E(t4)]
(A.4)

E(I V2I2Kl2T2) 6 [E{I V2I4E2(K12)} E{ T14E1(K2) }1/2

Thus (A.2)'s righthand side equalsO(N-2a-2qb-4
(A.5)

(aq),

E(VEV2IlI2N)

N

I i12KliK2iIT2), in turnby

{(I V112+ IV212)(

+ IK12IT12)
+ NI V3 2K13K23( t2 + t2 + T2

where T2= T1-t3. As in (A.4) and (A.5), E(IV 2t2)O(a
N2a3q+2t) for i= 1, 2. ApplyingLemmas2 and 3
E(I

Next

=

so (A.3) is boundedby N3a 4b4E(Y2
CN-3a 4b4E

+ N-la2t-q).

O(Na2q + N2a3q+2 ).

E { V 4E(K13

I312|KU3K23 | 32

), E(l

'12 K121T12) = O(Na2q+

) E3 IK23 1}E { t34E3IK23 1}

0=O( a )

and afortiori, E(I V312IKI3K23It2)= O(aq). Applying Lemma 2 and (A.1),
E(I V3IIKi3K23IT22)

[E{IV314EI

K43IE3IK23}E

which is O(Na3q + N2a4q+2t). Thus (A.3) = O(N-la-qb-4
= Op(N-

PROPOSITION8: N1/2SU, {_

/2a- q2b-1

PROPOSITION
9: N1l2S0,j=

Op(N- l/ka

(I1K3IE3IK23D)]}I]/

+ a2b -4).

+ a'b-1).

}, ( Zi}, EIN1/2Su_

PROOF:By independenceof

{TE1

12= a2E{ tr(S_j)}. Apply Proposition2.

/2b-2 + a-2b)

PROOF:

(A.6)

E IN 1 2SCI,_

<

E(U1 1141

1) + 21NEf

- t,)Kli,
W=2w1, W1= W- w2, W2=
side has bound C(Na b)-4 times

Put wi = (t

E(

E K2i

wI
W12)

C[El

W12 + WNEw22

= O(N2a2q

W-

+NE{I

'lU2(tl41

(4-2

II

w3. The first term on (A.6)'s right-hand
W1 12E ( K122)}

+ N3a3q+2n)

using Lemmas2 and 3 and Propositionl's proof. The second term of (A.6)'s right-handside is
likewiseboundedby C(Naqb)-4 times
NE(

I lWI2)

KliK2i
I

< CN [E(I w2l
+NE-I(1

=O(N

1 1l 2EJ IK12 I

+ IW312E3IK3IW+
+N{W212E1I13
IK231
+ NW212E(IK13
K131
I})

3a 3q + N4a4q+27).

IE3IK23

950

P. M. ROBINSON

PROPOSITION10: Nll2su(

= Op(N- /2a q12b-1).

PROOF:By independenceof {Ui} and (Xi, Zi}, EIN112SUVI2= 2E(I V112I) = O(N-la-qb-2)
as in Proposition 5's proof.
11: N1l2S IV= Op(N 1/2a -/2b-1).
PROPOSITION
PROOF: Conditioning first on (Ui,

Vi1, then only on { Vi
E(l( 2IV1

EIN112SoIv < E(I Vi 1201211) < C(Naqb)
= Op(N l/2a

12: Nl/2S
PROPOSITION

PROOF: E IN1 2}12
< E(12I Vl 12)
times
side has bound C(Naqb)-4
E(Kl2iE~j1

= O(N la-b2).

Kl)

/2b2).

+ 2NI E(UiU2V'V21I2)1.The firsttermon the righthand

j2K12j)

C[ EI V1i12+ NE{ V112E( K122)} +N2E {V312E1(

K122)E( K123)}I

= O(N2a2q)
by Lemma 2. After taking expectations over {Ui} and applying (A.5),
| E(U2UVl'V21112)

= a2(Naq)4

1

< 0J2(Naqb) -4E(F,I
<

' I2KijK2j)?rI21IiI2

K2j)(i

|E{(jK

KiK2il

}|

I
F,IVj2IKjjK2jI)

E{ (IK121 + NJK13K231)

C(Naqb)

+ NI V4121K14K24I)}
x(i V112IK121+ IV3121K13K231

of which the dominant term has bound

C(Na2qb2)-2E{(

V4lE4(1K14K241E2lK231)I

=

O(N-2a-qb-4).

13: Sd = Op(Nla-qb-2).
PROPOSITION
PROOF: E(S ) =u2(Naqb)-2E(?Kl2iIl)=

O(N-'a-qb-2).

14: SU = a 2 + & (1).
PROPOSITION
PROOF: By Khinchine law of large numbers N-1Ui2
uJ2P(f1 < b) -O 0 by Proposition 4's proof.

N(O, 2 l)

15: N1 2Suv
PROPOSITION

PROOF: By Levy central limit theorem N-12 biVK
ElN-/2

as before.

)|biV(

P a2, whereas EIN 2-b2(1-Ii)

-

< a2{

EI X14P(p

d

N(O, a2),whereas
< b)

}

O

=
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APPENDIXB: TECHNICAL
LEMMAS

Lemmas1-3 below are unoriginal,merelyversionsof resultsused time aftertime in the immense
kernelestimationliterature,but they arepresentedfor ease of reference,while theirshortproofswill
aid the reader unfamiliarwith kernel manipulations.Although Lemmas 4 and 5's proofs use
kernelsof which
techniquesfamiliarin the kernelliterature,previousresultson effectsof higher-order
we are awareconcernbias of estimationat a fixed,ratherthanrandom,point, and we wereunableto
find the resultswe need. It is inconceivablethat Lemma6 is new,but we failedto locate a reference.
LEMMA1: Let

fJIY-Z
z1X1'
K((y

(B.1)
PROOF:

supuIk(u) I + J IuXk(u)Idu< oo, for some X > O. Then uniformlyin z
-z)/a)

Idy = 0(aq+X).

The left-handside is
aq+XflyIxjK(y)j

LEMMA
2: Let supjt(z)<
EIK((Z -z)/a)
PROOF:

dyV aq+xqxf1uxk(u)1 du(flk(u)l

du)

oo, supuIk(u) I + fI k(u)I du< oo. Then uniformlyin z
I = 0(aq).

The left-handside< sup_f(z)f IK((y - z)/a) Idy; then applyLemma1.

LEMMA3: Let sup_f(z)<

oo, EIg(Z)I < oo, supuIk(u)I + JIk(u)I du< oo. Then

Elg(Z1)K12 1= O(aq).
PROOF:The left-handside<EI g(Z1)E1IK121 I < CaqEIg(Z) , by Lemma2.
LEMMA
4: For X satisfying I- 1 < X < 1, where 1 1 is an integer, let f
(B.2)

E(a-qEl(K12)

-f(Zl)}2

E

!?0, k EXl. Then

= O(a2X).

PROOF:Let R(y, z) -f(z) be definedrelativeto f in the way Q(y, z) was in relationto g in
Definition 2, so it is a homogeneous(I- 1)-degreepolynomialin y - z with coefficientsthat are
bounded functionsof z, the remaindertermin the Taylorexpansionbeing in Lip(X - m + 1). By
(3.2),
J{ R(y, z) -f (z)}K((y-z)/a)
so E{K((Z-

z)/a)}

J

- aqf(z) is bounded by

f (y -R (y z) K(
?

dy-O,

fY{f(y)-f(z)}K(

a)dy

+

{R(y,

z) -f (z)}K(

) dy

Ya)dYy

which is bounded by CL(X), where L(X) is the left-handside of (B.1), because IY-zl >p for
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y eYz
and X>1- 1. Now k(u) = O((1 + Iuul+l+e)-1) implies flulk(u)l du < oo. Thus by Lemma
1, not only E{a- K((Z - z)/a) - f(z)} = O(aX) for all z, but (B.2) follows by dominated convergence.
LEMMA
5: For X, ,u satisfying I-1 < X < 1, m-1
a>1, letfe iw, geG,a, ke XI+m-. Then
E E1[ { g(Z1)

r

-g(Z2)}Kl2]

=

0(aa(q+n))

PROOF: By (3.2), JQ(y, z)R(y, z)K((y-z)/a)
bounded by

f

{g(y)

-g(z)

+ f

-

< ,u< m, where1> 1, m > 1 are integers, andfor

dy=-0, so IE[ g(Z)-g(z)}K((Z

Q(y, z)}f(y)K(

a)

Yz)

Q(y,z){f(y)-R(y,z)}K(

-

z)/a)]

is

dy

dy

zpa

* Q5 {(y, ) R (y,z()
K (
+
{g(y) -g(z)If (y) K(Y

dy|

f

)dy

m-1

* Ch(z)L (,u) + G(z)

L
L(i + A) + H(z)L (A + IA)
i=l

+ C{g

(z)

I + El g(Z)

I}) aq+71 sup (I u Iq+,,Ik(u)j

q}

u

where E(G(Z)G + H(Z)G} < oo. Then again apply Lemma 1 and dominated convergence, noting
that min(I, X + 1, X + A)= < min(l+ 1, m) < 1+ m - 1 < q(l+ mr-1 +E).

LEMMA
6:

himb ,OP(f(Z)<b)=O.

PROOF:

P(f (Z) < b) < bf

Izl <B

dz + P(IZI > B) < (2B)qb + P(I ZI > B)

for all B > 0. For any E > 0, choose B so P(IZI > B) < E; then b < (2B)-qE.
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